We derive an index theorem for zero-energy Majorana fermion modes in a superconductortopological insulator system in both two and three dimensions, which is valid for models with chiral symmetry as well as particle-hole symmetry. For more generic models without chiral symmetry, we suggest that Majorana zero modes are classified by Z 2 .
We suggest that the number of zero modes is classified by Z 2 . Namely, only the evenness or oddness of the number of zero modes in models with chiral symmetry is invariant under chiral symmetry breaking perturbations. This is consistent with the results obtained by Tewari et. al. 5) Finally, we present a concrete zero mode wave function for the Fu-Kane model 6) in both the cases of µ = 0 and µ = 0.
Let H be a Hamiltonian defined by
where j = 1, · · · , d and a = d + 1, · · · , 2d, and γ µ (µ = 1, · · · , 2d) are γ matrices in 2d dimensions {γ µ , γ ν } = 2δ µν . φ stands for a set of order parameters. This Hamiltonian has been introduced by Kane and his collaborators 6, 12) as a minimal model describing superconductortopological insulator systems. In the case of d = 2, φ = ∆ 0 (r)(cos θ, sin θ) is the model proposed by Fu and Kane 6) to study a Majorana zero mode in a vortex of an s-wave superconductor, where (r, θ) are the polar coordinates in two dimensions. In the case of d = 3, φ = (Re ∆, Im ∆, m) describes generic superconductor-topological insulator systems studied by Teo and Kane, 12) where the region m < 0 corresponds to a bulk topological insulator, with the proximity effect ∆ = 0 induced by a superconductor. If φ = 0 is constant, the spectrum of the Hamiltonian has a gap, describing a massive Dirac particle. Even with a more generic φ that is not spatially uniform, the spectrum may still be massive. However, if φ has a topological defect, there appear bound states around it. In particular, it has been shown 6, 12 ) that the present model (1) can admit generically bound states sitting exactly at zero energy. To study such zero modes bound to a pointlike defect, we assume that away from the defect located at x = 0, the asymptotic form of the order parameter φ is given by
The explicit expression for γ matrices is not necessary, 17) but we have to arrange them to obey Cγ j C −1 = γ j and Cγ a C −1 = −γ a , where C (C 2 = 1) is the anti-unitary operator 17) describing particle-hole symmetry. Therefore, the Hamiltonian (1) has particle-hole symmetry,
as it should be in the case of the Bogoliubov-de Gennes Hamiltonians. The wave function of the zero modes can be chosen such that ϕ 0,i (x) = Cϕ 0,j (x), which has been referred to as a Majorana fermion mode. Another symmetry of the Hamiltonian (1) is chiral symmetry denoted by
where 
where Tr denotes the trace over the space coordinates as well as the γ matrices. On the other hand, it is well-known that in the large mass limit, the same quantity yields the topological
where c d is the dth Chern number 27) 
It is possible to express Tr in both eqs. (5) and (6) using the eigenstates of the Hamiltonian, Hϕ n = λ n ϕ n .
In the case of nonzero energies, ϕ −n ≡ γ 5 ϕ n has the energy λ −n ≡ −λ n , and hence, these two states are orthogonal to each other,
Then, it is easy to see that eqs. (5) and (6) give the same index of the Hamiltonian. However, in the plane-wave basis, the above two quantities become two kinds of different invariants, giving a nontrivial relationship between them. The necessity of two kinds of masses is manifested when the axialvector current is introduced such that
where tr denotes the trace over the γ matrices, and in deriving the second line, we have used the fact that D anticommutes with γ 5 . The first term is, in the limit of m → 0, the axial-vector current of the model under consideration, while the second term is the Pauli-Villars regulator whose mass M is set to infinity after the calculation. Such a regulator field is needed to make the current well-defined.
It is well-known that the index (5) and the Chern number (6) have an intimate relationship with the chiral anomaly, which yields an anomalous term to the conservation law of the axial-vector current. To see this, it is convenient to describe the current on the basis of eigenstates of the Hamiltonian. The completeness of eigenstates of the hermitian Hamiltonian,
. Then, the divergence of the current is easy to compute, since the derivative ∂ i operates only on the wave functions in the above expression. After some calculations, in particular, using the relation γ j ∂ j ϕ n = i(γ a φ a − λ n )ϕ n , we obtain
. It thus turns out that the divergence of the current (7) is given by
Integrating both sides over the space R d and taking the limits m → 0 and M → ∞ yield
where dS i is the infinitesimal surface element on S d−1 , i.e., the boundary of R d at |x| → ∞. have neglected the gauge fields, for simplicity, and thus, the index of the Hamiltonian, which is due to the Majorana zero modes, is given not by the Chern number, but by the surface term in eq. (8) . This surface term is also a topological number associated with the configuration of the order parameter φ at |x| → ∞, as we shall see below.
To compute the surface term, we now calculate the axial-vector current (7) in the planewave basis. To this end, note −D 2 = −∂ 2 j + φ 2 a + γ j γ a (i∂ j φ a ). Therefore, at |x| → ∞, we
where we have used eq. (2). This leads to
where O ≡ −∂ 2 j − 2ik j ∂ j . Note that tr γ 5 Γ, where Γ is a product of γ matrices Γ ≡ γ µ γ ν · · · , can be nonzero only when Γ includes at least as many as 2d γ matrices, which occurs in the n = 1 (n = 2) term for d = 2 (d = 3) in the above expansion. Using tr
whereφ a = φ a /φ 0 is the normalized field, |φ| = 1, at |x| → ∞. Note here that
since |φ| approaches a constant value. In the case of d = 3,
Substituting these into eq. (8), we obtain
Since in eq. In the case of the Fu-Kane model, 6) we can chooseφ = (cos qθ, sin qθ) at r → ∞ if we consider a generic vortex with vorticity q. Substituting this into eq. (9), we then see that Thus far, we have derived the index theorem for a superconductor-topological insulator model in the case where it has not only particle-hole symmetry but also chiral symmetry.
However, let us consider the term H ′ = iγ a γ b n ab , for example. We see that it transforms as pair with opposite energies. This is due to particle-hole symmetry. Namely, an even number of zero modes become nonzero energy modes if the chemical potential term is switched on. This implies that in a system with an odd number of unperturbed zero modes, there remains at least one zero mode even if any perturbations with particle-hole symmetry are added. In other words, the rank of an antisymmetric matrix is always even, implying that odd-dimensional H ′ has inevitably an odd number of zero eigenvalues. We thus conclude that Majorana zero modes bound to a pointlike defect are classified by Z for class BDI, whereas they are classified by Z 2 for class D. This is consistent with the results obtained by Tewari et. al. 5) Finally, we present, as a nontrivial example, an explicit wave function of a zero mode in the Fu-Kane model 6) with a q = 1 vortex. With the γ matrices given in, 17) the zero mode 6/8 wave function obeys
Note that φ 1 − iφ 2 = ∆ 0 (r)e −iθ , and that particle-hole symmetry makes it possible to choose η = −σ 2 ξ * . 30) Then, the above equation reduces to
If we further set ξ T = (v, u), we see that when µ = 0, two equations for u and v are decoupled, and the normalizable solution is given by v = 0 and
which was obtained in Ref. 7/8
